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Quasi-simple modules and Loewy lengths in modular
representations of reductive Lie algebras
Yi-Yang Li, Bin Shu and Yu-Feng Yao
Abstract. Let g be a reductive Lie algebra over an algebraically closed field
of characteristic p > 0. In this paper, we study the representations of g with
a p-character χ of standard Levi form associated with a given subset I of the
simple root system Π of g. Let Uχ(g) be the reduced enveloping algebra of g. A
notion “quasi-simple module” (denoted by Lχ(λ)) is introduced. The properties
of such a module turn out to be better than those of the corresponding simple
module L̂χ(λ). It enables us to investigate the Uχ(g)-modules from a new point
of view, and correspondingly gives rise new consequences. First, we show that the
first self extension of Lχ(λ) is zero, and the projective dimension of Lχ(λ) is finite
when λ is p-regular. These properties make it significant to rewrite the formula of
Lusztig’s Hope (Lusztig’s conjecture on the irreducible characters in the category
of Uχ(g)-modules) by replacing L̂χ(λ) by Lχ(λ). Second, with the aid of quasi-
simple modules, we get a formula on the Loewy lengths of standard modules
and proper standard modules over Uχ(g). And by studying some examples, we
formulate some conjectures on the Loewy lengths of indecomposable projective
g-modules, standard modules and proper standard modules.
Introduction
0.1. Let G be a connected reductive algebraic group over an algebraically
closed field k of prime characteristic p, and g = Lie(G). Then g admits a natural p-
mapping [p]. For any simple g-module L, there exists a linear form χL ∈ g
∗ such that
the action of xp − x[p] on L is just multiplication by the scalar χL(x)
p. Associated
with any χ ∈ g∗, Uχ(g) is defined as the quotient of the universal enveloping algebra
U(g) by the ideal generated by xp − x[p] − χ(x)p,∀x ∈ g. Each simple g-module is
attached with a unique p-character χ. The Morita equivalence due to Kac-Weisfeiler
and Friedlander-Parshall (cf. [22], [7, Thms. 3.2; 8.5]) enables us to consider the
representations of Uχ(g) just with nilpotent χ.
In this paper, we study the representations of Uχ(g) for χ having standard Levi
form associated with an subset I of Π, where Π is the set of all simple roots (χ is
regular nilpotent on the Levi factor gI).
Let g = n− ⊕ h ⊕ n+, h and b+ = h ⊕ n+ be the triangular decomposition of
g, the Cartan subalgebra of g and the standard Borel subalgebra of g, respectively.
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Let R, R+, RI and R
+
I be the root system of g, the set of positive roots of g, the
root system of gI and the set of positive roots of gI , respectively.
Denote gI = n
−
I ⊕ h ⊕ n
+
I and pI = gI ⊕ u
+ (resp. p′I = gI ⊕ u
−) by the










g−α) is the nilpotent radicals of
pI (resp. p
′
I). Denote wI by the longest element in the Weyl group WI of gI and
w0 the longest element in the Weyl group W of g. Set w
I = wIw0.
In [10, §11], a X(T )/ZI-graded Uχ(g)-modules category C was introduced by
Jantzen. We write M̂ for a Uχ(g)-module M if it is endowed with X(T )/ZI-graded
structure, this is to say, M̂ becomes a canonical object of C. Denote by [M̂ ] the
generator corresponding to a module M̂ ∈ C in the Grothendieck group.
Our purposes in the paper are double. The first one is to introduce quasi-simple
modules and study their properties. The second one is to study the Loewy lengths
for typical modules.
0.2. The first theme of this paper is to introduce the quasi-simple module
Lχ(λ), λ ∈ X(T ) (see Definition 2.5) in C.
Set Q̂Iχ(λ)
∼= Uχ(g) ⊗Uχ(pI ) Q̂χ,I(λ) and Q̂
wI
χ (λ)
∼= Uχ(g) ⊗Uχ(p′I ) Q̂χ,I(λ) where





χ (λ)) the standard (resp. costandard) module.
Let L̂χ(λ) be a irreducible object in C and Q̂χ(λ) be the projective cover of L̂χ(λ).
By [11, Prop. 2.1], Q̂χ(λ) admit both a filtration with sub-quotients Q̂
I
χ(λi), 1 ≤




i ), 1 ≤ i ≤ r where λ
wI
i = λi− (p−
1)(ρ−wIρ) (see §2.2). L̂χ(λ) is not only the socle of Q
wI
χ (λ
wI ) but also the socle of
QIχ(λ
I






wI ) (see §2.6 and Proposition
2.9).
Each composition factor of Lχ(λ) is isomorphic to L̂χ(λ) (see Lemma 2.3), and
Lχ(λ) is not only a quotient module but also a submodule of Q̂χ(λ) (see Theorem
2.11).
In comparison with the category of G1T -modules (here, G1 stands for the first
Frobenius kernel of G, and T a maximal torus of G. This category is actually a cat-
egory of Z-graded U0(g)-modules compatible with T -action), the counterpart study
in the category C encounters some difficulties on dealing with the representations of
the Levi factor gI . And some properties of simple objects in C are not as good as in
the category of G1T -modules. Such as Ext
1
C
(L̂χ(λ), L̂χ(λ)) 6= 0 in general (cf. [16,
Prop.2.1]) but Ext1G1T (L̂0(λ), L̂0(λ)) = 0 (cf. [12, II 9.19(5)]) where L̂χ(λ) (resp.
L̂0(λ)) is the simple module in C (resp. the category of G1T -modules). And the
projective dimension of L̂χ(λ) is infinite in general but the projective dimension of
L̂0(λ) is finite.
The cohomological properties of the quasi-simple module Lχ(λ) are shown to
be better than L̂χ(λ)’s, that is, Ext
1
C
(Lχ(λ),Lχ(λ)) = 0 (see Theorem 3.2), and the
projective dimension of the quasi-simple module Lχ(λ) is finite when λ is p-regular
(see Theorem 5.1).
Moreover, when λ is p-regular, we prove that the standard module Q̂Iχ(λ) has a
filtration with sub-quotients isomorphic to quasi-simple modules(see Theorem 4.2).
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Based on this result, Lusztig’s Hope (Lusztig’s conjecture on the irreducible char-
acters in C) can be rewritten as (see (5.2))
(Q̂Iχ(v.λ0) : Lχ(w.λ0)) = [Ẑχ(v.λ0) : L̂χ(w.λ0)] = PκI (v),κI (w)(1).
Since the cohomological properties of quasi-simple module Lχ(λ) are better than
L̂χ(λ)’s, the new expression might make the proof of Lusztig’s Hope easier.
0.3. In [9], the Loewy series of Verma modules and projective modules in the
category O are determined. For the category of G1T -modules, under the assumption
that Lusztig’s conjecture on the irreducible characters of G holds, Andersen and
Kaneda proved that the baby Verma modules Ẑ0(λ) for p-regular weights λ and all
projective modules are rigid (cf [3]). Their Loewy lengths are N + 1 and 2N + 1,
respectively (N is the dimension of G/B where B is the Borel subgroup of G).
Our second theme is the study of the Loewy lengths of standard module Q̂Iχ(λ),
proper standard module Ẑχ(λ) (baby Verma module) and indecomposable projective
module Q̂χ(λ) in C when λ is p-regular (see the first 6 subsections of §1 for these
notations). We denote ll(M̂) by the Loewy length of M̂ ∈ C.
With the aid of quasi-simple module, we get a formula on the Loewy lengths
of standard module Q̂Iχ(λ) and proper standard module when λ is p-regular (see
Theorem 6.2)
ll(Q̂Iχ(λ)) = ll(Lχ(λ)) + ll(Ẑχ(λ))− 1.
In the category of graded Uχ(gI)-modules, any proper standard module Ẑχ,I(λ)
is simple and its Loewy length is 1 (cf. [10, §10]). Let Q̂χ,I(λ) be the projective cover
of Ẑχ,I(λ). In Theorem 6.1, we prove ll(Lχ(λ)) = ll(Q̂χ,I(λ)) when λ is p-regular.
In [20], the Loewy length of Q̂χ,I(λ) was determined for gI = sl(3, k). According
to this result, when λ is p-regular, we conjecture that the Loewy length of Q̂χ,I(λ)
or Lχ(λ) equals to l(wI) + 1 where l(wI) is the length of wI(see Conjecture 7.1).
And show that it is true for g = sl(2, k) and g = sl(3, k) when χ is regular nilpotent.
When χ has standard Levi form and χ is subregular nilpotent, the Loewy length
of proper standard module Ẑχ(λ) is l(w0)−l(wI)+1 by the results of Jantzen in [13],
where l(w0) is the length of w0. For g = sl(3, k) with I containing only a simple root
and g = s0(5, k) with I containing only the short simple root, according to the results
of Jantzen(cf. [13]), when λ is p-regular, we get the Loewy lengths of standard
modules Q̂Iχ(λ) and indecomposable projective modules Q̂χ(λ) (see Theorem 7.4).
In general, similar to [3, §2; §3], we give the lower bounds for the Loewy length
of proper standard module Ẑχ(λ), standard module Q̂
I
χ(λ) and indecomposable pro-
jective module Q̂χ(λ) when λ is p-regular (see Propositions 8.1, 8.2 and 8.3).
Based on the above results, we conjecture the Loewy length of proper standard
module Ẑχ(λ) is l(w0)−l(wI)+1, the Loewy lengths of the standard module Q̂
I
χ(λ) is
l(w0)+1 and the Loewy lengths of the projective module Q̂χ(λ) is 2l(w0)− l(wI)+1
(see Conjecture 8.4).
In [19], with aid of quasi-simple modules and under the assumption that Con-
jecture 7.1 and Vogan’s Conjecture hold (cf. [19, Conj. 4.6]), we prove Conjecture
8.4.
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1. Preliminaries
1.1. Some preliminary notations and convention. All the following nota-
tions are standard.
(1) G, g: a connected reductive group over an algebraically closed field k of
prime characteristic p, the Lie algebra of G.
(2) T , X(T ): a maximal torus of G, the character group of T .
(3) χ: a p-character of g.
(4) U(g), Uχ(g), U0(g): the universal enveloping algebra of g, the reduced en-
veloping algebra Uχ(g) of g, i.e., Uχ(g) = U(g)/(x
p−x[p]−χ(x)p|x ∈ g), the restricted
enveloping algebra U0(g) of g, i.e., U0(g) = U(g)/(x
p − x[p]|x ∈ g).
(5) g = n− ⊕ h ⊕ n+, h, b+: the triangular decomposition of g, the Cartan
subalgebra of g, the standard Borel subalgebra of g, i.e, the span of positive root
vectors and h.
(6)Π, I: the set of simple roots, a subset of Π.
(7) R, R+, RI , R
+
I : the root system of g, the set of positive roots, the root
system of gI , the set of positive roots in gI .
(8) gI = n
−
I ⊕ h ⊕ n
+
I , pI = gI ⊕ u
+, p′I = gI ⊕ u
−: the Levi subalgebra of













(9) E: the Euclidean space spanned by R with inner product 〈, 〉 normalized so
that 〈α,α〉 = 2 for α ∈ Π.
(10) ρ, α∨: half the sum of positive roots, the coroot of α.
(11) sα, sα,rp: the reflection with sα(µ) = µ − (〈µ, α
∨〉)α,∀µ ∈ h∗, the affine
reflection with sα,rp(µ) = µ− (〈µ, α
∨〉 − rp)α,∀µ ∈ h∗.
(12) W , WI ; Wp, WI,p: the Weyl groups generated by {sα | α ∈ R}, {sα |
α ∈ I}, respectively; the affine Weyl groups generated by {sα,rp | α ∈ R, r ∈ Z},
{sα,rp | α ∈ I, r ∈ Z}, respectively.
(13) w.λ = w(λ+ ρ)− ρ,w ∈W ;λ ∈ h∗: the dot action of w on λ.
(14)C0, CI : the first dominant alcove of X(T ) for the action of Wp given by
{λ ∈ X(T ) ⊗Z R | 0 ≤ 〈λ + ρ, α
∨〉 ≤ p for all α ∈ R+}, the dominant alcove of
X(T ) ⊗Z R for the action of WI,p given by {λ ∈ X(T ) ⊗Z R | 0 ≤ 〈λ + ρ, α
∨〉 ≤
p for all α ∈ R+ ∩ ZI}.
(15) |S|: the number of elements in a finite set S.
1.2. Assumptions. Let G be a connected reductive algebraic group over k and
g = Lie(G), satisfying the following three hypotheses as in [10, §6.3]:
(H1) The derived group DG of G is simply connected;
(H2) The prime p is good for g;
(H3) There exists a G-invariant non-degenerate bilinear form on g,
Throughout this paper, we always assume that χ(b+) = 0, i.e. χ is nilpotent.
1.3. Baby Verma modules. For χ ∈ g∗, set Λχ = {λ ∈ h
∗ | λ(h)p − λ(h[p]) =
χ(h)p, ∀ h ∈ h}. When χ is nilpotent, Λχ = Λ0 := {λ ∈ h
∗ | λ(h)p = λ(h[p]),∀h ∈
h}.
Since χ(b+) = 0, any simple U0(h)-module is one-dimensional kλ = k for λ ∈ Λ0,
where h·kλ = λ(h)kλ for any h ∈ h. Each kλ can be extended to be a U0(b
+)-module
by trivial n+-action. Hence, one can get an induced module Zχ(λ) = Uχ(g)⊗U0(b+)kλ
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which is called a baby Verma module. Each simple Uχ(g)-module is the homomor-
phic image of some baby Verma module Zχ(λ), λ ∈ Λ0 (cf. [10]).
1.4. Standard Levi form. We say a p-character χ has standard Levi form if
χ(b+) = 0 and there exists a subset I of the set Π of all simple roots such that
χ(g−α) 6= 0,∀α ∈ I and χ(g−α) = 0,∀α ∈ R
+\I(cf. [8] or [10, §10]).
When I = Π, χ is called regular nilpotent (cf. [10, §10]). When I = ∅ which
implies χ = 0, Uχ(g) = U0(g) is the restricted enveloping algebra of g. Let WI
be the Weyl group generated by all the sα with α ∈ I. Denote by wI the longest
element in WI and w0 the longest element in W . Set w
I = wIw0.
From now on, we will always assume that χ has standard Levi form.
1.5. Twisted baby Verma modules. The induced module
Zw
I
χ (λ) := Uχ(g)⊗Uχ(wIb+) kλ, λ ∈ Λ0
is called a twist baby Verma module (cf. [10, §11.2]).
Let Zχ,I(λ) = Uχ(gI)⊗Uχ(gI
⋂
b+) kλ, λ ∈ Λ0. Then χ|gI is regular nilpotent. It
follows from [7, §4.2/3] that Zχ,I(λ) is a simple Uχ(gI)-module. Then Zχ,I(λ) can
be regarded as a Uχ(pI)(resp. Uχ(p
′
I))-module with trivial u
+(resp. u−)-action. We
have
Zχ(λ) ∼= Uχ(g)⊗Uχ(pI ) Zχ,I(λ) andZ
wI
χ (λ)
∼= Uχ(g)⊗Uχ(p′I ) Zχ,I(λ).
1.6. Standard modules. Let Qχ,I(λ), λ ∈ Λ0 be the projective cover of the
Uχ(gI)-module Zχ,I(λ). Then [Qχ,I(λ) : Zχ,I(λ)] = |WI .λ| and Qχ,I(λ) has a filtra-
tion with quotients isomorphic to Zχ,I(λ) (cf. [10, §10.10]). Set
QIχ(λ)
∼= Uχ(g)⊗Uχ(pI ) Qχ,I(λ) and Q
wI
χ (λ)
∼= Uχ(g)⊗Uχ(p′I ) Qχ,I(λ).
Then QIχ(λ) (resp. Q
wI
χ (λ)) has a filtration with sub-quotients isomorphic to Zχ(λ)
(resp. Zw
I
χ (λ)) (cf. [10, §10]).
We call QIχ(λ) (resp. Q
wI
χ (λ)) standard (resp. costandard) modules, and Zχ(λ)
(resp. Zw
I
χ (λ)) proper standard (resp. proper costandard) modules.
Let Qχ(λ) (λ ∈ Λ0) be the projective cover of Lχ(λ). Then Qχ(λ) has a filtration
with sub-quotient factors isomorphic to QIχ(λ), and has a filtration with sub-quotient
factors isomorphic to Qw
I
χ (λ) (cf. [11, Prop. 1.21]).
1.7. Loewy series. Suppose that M is a module of finite length (over some
algebra), the radical series of M is a filtration
0 = radtM ⊆ radt−1M ⊆ ... ⊆ rad0M =M,
such that radjM = rad(radj−1M) , {radrM, 0 ≤ r < +∞} is called the radical
series of M . Then radjM/radj+1M,∀j is semisimple. We have rad1M = radM .
The socle series of M is a filtration
0 = soc0M ⊆ soc1M ⊆ ... ⊆ soctM =M,
such that soc(M/socj−1M) = socjM/socj−1M , {socrM, 0 ≤ r < +∞} is called
the socle series of M . Then socjM/socj−1M is semisimple for any j. We have
soc1M = socM .
6 YI-YANG LI, BIN SHU AND YU-FENG YAO
If 0 = M0 ⊆ M1 ⊆ ... ⊆ Mn = M is a filtration with M j/M j−1 is semisimple
for any j, then radn−jM ⊂M j ⊂ socjM for any j.
The length of the socle series equals the length of the radical series. Their
common length is called the Loewy length of M , and it is denoted by ll(M). Define
headjM =M/radjM . The head of M is also called the cap of M . Then headM =
head1M .
1.8. Graded Uχ(g)-modules. In [10, §11], an X(T )/ZI-graded Uχ(g)-module
category C was introduced by Jantzen. For λ ∈ X(T ), denote by L̂χ(λ), Ẑχ(λ)
and Q̂Iχ(λ) the simple module, baby Verma module and standard module in C,
respectively.
Lemma 1.1. ([10, Prop. 11.9]) Let λ, µ ∈ X(T ). Then L̂χ(λ) ≃ L̂χ(µ) if and
only if Ẑχ(λ) ≃ Ẑχ(µ), if and only if µ ∈WI,p · λ.




that h.Mν+ZI ⊂Mν+ZI and xα.M
ν++ZI ⊂Mν+α+ZI for all α ∈ R.
1.9. Duality. By [10, § 11.15], there is an automorphism τ of G satisfying that
τ(T ) = T , χ ◦ τ−1 = −χ, τ(xα) = x−wIα, τ(hα) = h−wIα and λ ◦ τ
−1 = −wI(λ).
Let M ∈ C. Denote by τM := HomC(M,k) the τ -dual of M (cf. [15, §11]),
in which the module structure is defined via (u · f)(m) := −f(τ−1(u) · m) for
u ∈ g, f ∈ τM,m ∈ M. This duality is the same as that in [10, §11] (which is
denoted by τ (−∗) therein).
Set λw
I
= λ − (p − 1)(ρ − wIρ). According to [10, §11.16] and [17, Lem. 2.6],




wI ) and τ Ẑχ(λ) ∼= Ẑ
wI
χ (λ
wI ). This implies




in the Grothendieck group.
Since τ Ẑχ,I(λ) ∼= Ẑχ,I(λ) (cf. [10, §11.16]) and Q̂χ,I(λ) is the projective cover
of Ẑχ,I(λ), we have
τ Q̂χ,I(λ) ∼= Q̂χ,I(λ). Because Q̂
I
χ(λ)
∼= Uχ(g) ⊗Uχ(pI ) Q̂χ,I(λ),
using the method in [10, §11.17], we can get
(1.2) τ Q̂Iχ(λ)
∼= Uχ(g)⊗Uχ(p′I ) Q̂χ,I(λ




Hence, we have ll(Ẑχ(λ)) = ll(Ẑ
wI
χ (λ




Because Q̂χ(λ) is the projective cover and injective hull of L̂χ(λ) (cf. [10, §10.9]),
we have that τ Q̂χ(λ) is the projective cover and injective hull of
τ L̂χ(λ) ∼= L̂χ(λ)
(cf. [10, §11.16]). This means
(1.3) τ Q̂χ(λ) ∼= Q̂χ(λ).
1.10. Homomorphisms. Let λ ∈ X(T ). By [11, Lem. 3.11] and [17, Lem.




wI ) (resp. Ẑw
I
χ (λ
wI ) and Ẑχ(λ)) with the image of ϕ (resp. ϕ
′) is the
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1.11. Order. According to [10, §11.6], there exists an order “≤” on X(T )/ZI
such that µ ≤ ν if and only if there are integers mα ≥ 0 with ν−µ =
∑
αmαα+ZI
where α runs over all the simple roots not in I. If there exist at least one mα > 0
with α /∈ I in
∑
αmαα, we write µ < ν.
2. Quasi-simple modules
2.1. We first present the following definition of filtrations of (twist) baby
Verma modules and (co)standard modules in the category C.
Definition 2.1. Let M̂ ∈ C. Then
(1) M̂ is said to have a Ẑχ-filtration (resp. Ẑ
wI
χ -filtration) if there is a filtration





i )) for some λi ∈ X(T ), i = 1, ..., r.
(2) M̂ is said to have a Q̂Iχ-filtration (resp. Q̂
wI
χ -filtration) if there is a filtration





i )) for some λi ∈ X(T ), i = 1, ..., s.
Similar to [2, Lem. 2.14], we have











wI )) 6= 0, then
µ > λ.
Proof. Consider the exact sequence 0 → Q̂Iχ(µ) → M̂ → Q̂
I
χ(λ) → 0 in C,
recall Q̂Iχ(λ)
∼= Uχ(g) ⊗Uχ(pI ) Q̂χ,I(λ) and the action of u





gα, similar to [10, §11.7(1)], we have
(2.1) Q̂Iχ(λ)
λ+ZI ∼=gI Q̂χ,I(λ).
Since Q̂χ,I(λ) is projective, as Uχ(gI)-module, we can get the homomorphism
ϕ̄ : Q̂χ,I(λ) → M̂ |gI . For v ∈ Q̂χ,I(λ), then 1⊗ v ∈ Q̂
I




Denote ψ by the epimorphism M̂ → Q̂Iχ(λ). Let v
′ ∈ M̂λ+ZI be an inverse image
of 1⊗ v, then ψ(v′) = 1⊗ v. Let v′|gI = ϕ̄(v). Note that xα.v = 0,∀xα ∈ u
+, ϕ̄ can




is the maximal submodule of M̂ with with u+ acting trivially (cf. [11, §1]). It is
possible that xα.v
′ 6= 0 for some xα ∈ u
+.







where for each ν all composition factors of prν(Q̂
I
χ(λ)|gI ) are the form Ẑχ,I(µ) with
µ ∈ WI,p.ν. Then there exists a weight λ
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If xα.v
′ = 0,∀xα ∈ u
+, there is a homomorphism ϕ : Q̂Iχ(λ) → M̂ with ϕ(u⊗v) =
uv′ and ϕ|
gI ,Q̂χ,I(λ)
= ϕ̄ where ϕ|
gI ,Q̂χ,I
is denoted by ϕ being considered as gI -
module homomorphism and restricting to gI -submodule Q̂χ,I(λ). Then ψ◦ϕ(u⊗v) =
ψ(uv′) = uψ(v′) = u ⊗ v. Then ϕ split the above exact sequence. So, if the above
exact sequence does not split, there must exists xα ∈ u
+ such that xα.v
′ 6= 0. This
implies that λ+α is a weight of M , thereby is a weight of Q̂Iχ(µ). Hence µ > λ. 






According to Lemma 2.2 and [2, Lem. 2.14], we have the following Q̂Iχ (resp.
Q̂w
I






















(2.4) j > i, if λj > λi (resp.λj < λi).
2.3. By [10, §11.19], (Q̂χ(λ) : Q̂
I
χ(µ)) = [Ẑχ(µ) : L̂χ(λ)]. Similarly, one can
get (Q̂χ(λ) : Q̂
wI
χ (µ)) = [Ẑ
wI
χ (µ) : L̂χ(λ)]. As L̂χ(λ) is the simple head of Ẑχ(λ) and
the simple socle of Ẑw
I
χ (λ
wI ) (cf. [10, §11.13]), we have (Q̂χ(λ) : Q̂
I




wI )) = 1.







∼= Q̂Iχ(λ). Furthermore, as L̂χ(λ) is the socle of Q̂χ(λ), we have L̂χ(λ)
is the socle of Q̂Iχ(λr) which implies L̂χ(λ) is the socle of Ẑχ(λr). Then (Q̂χ(λ) :






Similarly, in the Q̂w
I





































r ) is the quotient module of Q̂χ(λ) (cf.

















Then M I +Mw
I




We will show that such a L satisfies a certain uniqueness in the following.
2.5. Based on L̂χ(λr) is a composition factor of Q̂χ(λ), we have λr lies in
Wp.λ. When λ is p-regular (the stabilizer of λ in Wp is trivial), λr is p-regular and
|WI .dλ| = |WI .dλr|. When λ is not p-regular, it is possible that |WI .dλ| 6= |WI .dλr|.
Let m = min{|WI .dλ|, |WI .dλr|}. Then
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Lemma 2.3. Each composition factor of L is isomorphic to L̂χ(λ) and
[L] = m[L̂χ(λ)].
In particular, when λ is p-regular, [L] = |WI .dλ|[L̂χ(λ)].
Proof. We know L̂χ(λ) is the head of Ẑχ(λ) and [Ẑχ(λ) : L̂χ(λ)] = 1. Then
for any composition factor L̂χ(µ) of Q̂
I
χ(λ) except L̂χ(λ), we have µ < λ (cf. §1.6).








r ) : L̂χ(λ)] = 1, by (1.1),




r ) except L̂χ(λ), we have ξ > λ.
Furthermore, as Q̂w
I
χ (λ) has a filtration with sub-quotients isomorphic to Ẑ
wI
χ (λ),




r ) except L̂χ(λ), we have ξ > λ. Thus all













r )) = |WI .dλr|, we have M
wI contains all the
composition factors of Q̂Iχ(λ) except L̂χ(λ) which appear |WI .dλ| times. Similarly,




r ) except L̂χ(λ) which
appear |WI .dλ| times because (Q̂
I
χ(λ) : Ẑχ(λ)) = |WI .dλ|.




r ) and Q̂
I
χ(λ)









wI , we getM I+Mw
I
contains
all the composition factors of Q̂χ(λ) except m times L̂χ(λ)s. Then each composition
factor of L is isomorphic to L̂χ(λ), and [Lχ(λ) : L̂χ(λ)] = m. Hence, [L] = m[L̂χ(λ)].
In particular, when λ is p-regular which implies |WI .dλ| = |WI .dλr|, we have
[L] = |WI .dλ|[L̂χ(λ)]. 
By the above proof, we can get




















wI ) (resp. Q̂Iχ(λr)) with [
τL] = [L] = m[L̂χ(λ)](cf. Lemma 2.3
and §1.9). Hence, τL is a submodule Q̂w
I
χ (λ
wI ) ∩ Q̂Iχ(λr).
Furthermore, as Q̂Iχ(λr)(resp. Q̂
wI
χ (λ
wI )) has a filtration with sub-quotients
isomorphic to Ẑχ(λr) (resp. Ẑ
wI
χ (λ)), for any composition factor L̂χ(ξ) (resp. L̂χ(ζ))
of Q̂Iχ(λr) (resp. Q̂
wI
χ (λ




wI ) ∩ Q̂Iχ(λr) : L̂χ(λ)] ≤ m[L̂χ(λ)].
Based on the above arguments, we can get τL = Q̂w
I
χ (λ
wI )∩Q̂Iχ(λr). This yields
τL is unique under isomorphism. Hence L is unique under isomorphism. And we
can give the following definition
Definition 2.5. The module Lχ(λ) := Q̂χ(λ)/(M
I +Mw
I
) is called a quasi-
simple module.
According to the above arguments, we can get
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r )) satisfies [M] =







r )) with [Lχ(λ)] = m[L̂χ(λ)] yields M
∼= Lχ(λ).
Lemma 2.7. (i). The quasi-simple module Lχ(λ) is unique in the sense of Re-
mark 2.6.






r ) and Q̂χ(λ).
(iii). L̂χ(λ) is the head of Lχ(λ).
2.7. For a module M̂ , denote by M̂λ+ZI the homogeneous part of M̂ with
degree λ+ ZI (cf. [10, §11.4] or §1.8).















r +ZI ∼=gI Q̂χ,I(λ
wI
r ).
Proof. When |WI .dλ| ≤ |WI .dλr|, [Q̂
I
χ(λ) : L̂χ(λ)] = [Lχ(λ) : L̂χ(λ)] (cf.
Lemma 2.7). As Q̂Iχ(λ)
λ+ZI ∼=gI Q̂χ,I(λ) (cf. (2.1)), L̂χ(λ)
λ+ZI ∼=gI Ẑχ,I(λ) and
Lχ(λ) is the quotient module of Q̂
I





more, the surjective Q̂Iχ(λ) ։ Lχ(λ) is an isomorphism as gI -module when restricted




λ+ZI ∼=gI Q̂χ,I(λ), as desired.




















r +ZI ∼=gI Q̂χ,I(λ
wI
r ).




r ) is λ
wI
r .




















r is the lowest weight of L̂χ(λ) but not the weight of the other













r ) : L̂χ(λ)] =
[Lχ(λ) : L̂χ(λ)] (cf. Lemma 2.7), we can get Lχ(λ)
λw
I












r ) ։ Lχ(λ) is an isomorphism as gI-module when restricted to
the homogeneous part of degree λw
I
r + ZI. And Lχ(λ)
λw
I
r +ZI ∼=gI Q̂χ,I(λ
wI
r ).
Consequently, the desired gI -isomorphisms in (2.6) hold. 
Thanks to Lemma 2.8, we have the following decompositions similar to (2.2),
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where λ′ ∈ CI ∩X(T ) and λ ∈WI,p.λ
′. And











Proposition 2.9. τLχ(λ) ∼= Lχ(λ).





wI ) with [τLχ(λ)] = |WI .dλ|[L̂χ(λ)].
By [18, Lem.4.2], we have functorial isomorphism as follows.







where CI is the category of X(T )/ZI-graded Uχ(gI)-modules.
Let ϕ̄ = id
Q̂χ,I(λ)








where λ′ ∈ CI∩X(T ) and λ ∈WI,p.λ
′. Then Φ−1(ϕ) = ϕ|Q̂χ,I (λ) = ϕ̄ where ϕ|Q̂χ,I (λ)
is denoted by ϕ being considered as gI-module homomorphism and restricting to
gI -submodule Q̂χ,I(λ). This implies Imϕ̄ = Imϕ|Q̂χ,I (λ) = Q̂χ,I(λ).
As [Q̂χ,I(λ) : Ẑχ,I(λ)] = |WI .dλ| and L̂χ(λ)
λ+ZI ∼=gI Ẑχ,I(λ) (cf. [10, §11.7]),
we have λ is the weight of L̂χ(λ) but not the weight of the other composition factors





wI )], λ is the weight of L̂χ(λ) but not the weight
of the other composition factors of Q̂w
I
χ (λ




wI ), Imϕ|Q̂χ,I(λ) = Q̂χ,I(λ) yields [Imϕ : L̂χ(λ)] = |WI .dλ|.
Recall τLχ(λ) is the submodule of Q̂
wI
χ (λ
wI ) with [τLχ(λ)] = |WI .dλ|[L̂χ(λ)], it
follows that τLχ(λ) is the submodule of Imϕ.
Note that Q̂Iχ(λ)/ker(ϕ)
∼= Im(ϕ) and Lχ(λ) is a quotient module of Q̂
I
χ(λ), we
have Lχ(λ) is a quotient module of Im(ϕ). As [Imϕ : L̂χ(λ)] = |WI .dλ|, one can get
Lχ(λ) ∼= Im(ϕ) ∼=
τ
Lχ(λ).





r ) with [Lχ(λ)] = |WI .dλr|[L̂χ(λ)]. And
τLχ(λ) is the submodule
of Q̂Iχ(λr).
Using the same method as [18, Lem.4.2], one can prove
























r )|gI )⊕ Q̂χ,I(λ
wI
r ).
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r )) and ϕ









is denoted by ϕ′ being considered as
gI -module homomorphism and restricting to gI -submodule Q̂χ,I(λ
wI












r 〉 = 〈λr, α





r ) : Ẑχ,I(λ
wI
r )] = |WI .dλ
wI




r +ZI ∼=gI Ẑχ,I(λ
wI
r ) (cf. (2.7)) and λ
wI
r is the weight of L̂χ(λ) but not




r ) (cf. the proof of Lemma 2.8),
we get λw
I
r is the weight of L̂χ(λ) but not the weight of the other composition factors




r )]. Furthermore, [Imϕ
′ : L̂χ(λ)] = |WI .dλr|








According to the above arguments, similar to the case |WI .dλ| ≤ |WI .dλr|, we





′) ∼= Im(ϕ′) ∼= τLχ(λ).
Based on (1) and (2), we complete the proof. 
Then as a consequence, we have
Corollary 2.10. There exists a submodule in Q̂χ(λ) isomorphic to Lχ(λ).
Proof. For the quotient module Lχ(λ) of Q̂χ(λ),
τLχ(λ) is a submodule of
τ Q̂χ(λ). As
τ Q̂χ(λ) ∼= Q̂χ(λ) (cf. (1.3)), by Proposition 2.9, Lχ(λ) is a submodule
of Q̂χ(λ). 
Based on Lemma 2.7 and Corollary 2.10, we have
Theorem 2.11. The quasi-simple module Lχ(λ) is not only a quotient module
but also isomorphism to a submodule of Q̂χ(λ).
Theorem 2.11 implies Lχ(λ) has a simple head and a simple socle.
3. Cohomological properties of quasi-simple modules
3.1. Keeping the notations as above. We can get











r ),Lχ(λ)) = 0.






is the quotient module of Q̂w
I
χ (λ





|WI .dλ| ≤ |WI .dλr|, by Lemma 2.3, we have L̂χ(λ) is not the composition factor of
Lw
I
and the highest weight of Lw
I
is smaller than λ. Thus HomC(Q̂
I
χ(λ),L
wI ) = 0.
The short exact sequence 0 → Lχ(λ) → Q̂
wI
χ (λ
wI ) → Lw
I




























wI )) = 0 (cf. [21, Coro. 2.1]) and HomC(Q̂
I
χ(λ),L
wI ) = 0,
it follows that Ext1
C
(Q̂Iχ(λ),Lχ(λ)) = 0.
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When |WI .dλ| > |WI .dλr|, by Lemma 2.7 and Proposition 2.9, we have Lχ(λ)
is the submodule of Q̂Iχ(λr) and [Lχ(λ)] = |WI .dλr|[L̂χ(λ)]. Set L
I
1 is the quotient
module of Q̂Iχ(λr) with L
I
1
∼= Q̂Iχ(λr)/Lχ(λ). Then L̂χ(λ) is not the composition








































































r ),Lχ(λ)) = 0.





wI )) = 0, if |WI .dλ| ≤ |WI .dλr|;
Ext 1C(Lχ(λ), Q̂
I
χ(λ1)) = 0, if |WI .dλ| > |WI .dλr|.
Based on Lemma 3.1, we can get
Theorem 3.2. Ext 1
C
(Lχ(λ),Lχ(λ)) = 0.
Proof. (1). If |WI .dλ| ≤ |WI .dλr|, [Lχ(λ)] = |WI .dλ|[L̂χ(λ)](cf. Lemma 2.7).
Set LI is the submodule of Q̂Iχ(λ) with Lχ(λ)
∼= Q̂Iχ(λ)/L
I . Then LI does not
contain L̂χ(λ) as a composition factor. This implies HomC(L
I ,Lχ(λ)) = 0. There
exists a long exact sequence








χ(λ),Lχ(λ)) → · · ·.
As HomC(L
I ,Lχ(λ)) = 0 and Ext
1
C




(2). If |WI .dλ| > |WI .dλr|, we have [Lχ(λ)] = |WI .dλr|[L̂χ(λ)] (cf. Lemma 2.7).




r ), we can denote L
wI












1 . Then L
wI
1 does not contain L̂χ(λ) as
composition factor and HomC(L
wI
1 ,Lχ(λ)) = 0. There exists a long exact sequence













r ),Lχ(λ)) → · · ·.
It follows from HomC(L
wI











Then (1) and (2) yield the theorem. 
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4. The Lχ-filtration
4.1.
Definition 4.1. M̂ is said to have an Lχ-filtration if there is a filtration M̂ =
M̂0 ⊃ M̂1 ⊃ · · · ⊃ M̂ r = 0 of M̂ with M̂ i−1/M̂ i ∼= Lχ(λi) for some λi ∈ X(T ), i =
1, ..., r.
4.2. Assume that M̂ has simple head (resp. socle) L̂χ(λ). If Lχ(λ) is the
quotient module (resp. submodule) of M̂ , we call Lχ(λ) is the quasi-head (resp.
quasi-socle) of M̂ .
Theorem 4.2. When λ ∈ X(T ) is p-regular, Q̂Iχ(λ) (resp. Q̂
wI
χ (λ
wI )) has an
Lχ-filtration.









r−(i−1)), 1 ≤ i ≤ r).
Then Q̂χ(λ) also has a Ẑχ-filtration (resp. Ẑ
wI
χ -filtration) with the sub-quotients




r−(i−1)), 1 ≤ i ≤ r).




(|WI .dλ|+1) ⊂ Q̂Iχ(λ)
(|WI .dλ|) ⊂ Q̂Iχ(λ)




(i+1) = Ẑi(λ) ∼= Ẑχ(λ), 1 ≤ i ≤ |WI .dλ|. Then Ẑ1(λ) ∼=
Q̂Iχ(λ)
(1)/Q̂Iχ(λ)
(2) is the quotient module of Q̂Iχ(λ).
Hence, Ẑ1(λ) is a quotient module of Q̂χ(λ) with Ẑ1(λ) ∼= Q̂χ(λ)/Ẑ where Ẑ is
a submodule of Q̂χ(λ). In Q̂χ(λ), as Q̂χ(λ) has a Ẑ
wI
χ -filtration, each composition









a sub-quotient factor in the Ẑw
I
χ -filtration of Q̂χ(λ).
Let ll(Ẑ1(λ)) = N .
(1). Denote L̂χ(λ(1,1)) = L̂χ(λ) ∼= soc
N Ẑ1(λ)/soc
N−1Ẑ1(λ) by the head of Ẑ1(λ).
By Lemma 2.7, the quasi-simple module Lχ(λ(1,1)) ∼= Lχ(λ) is a quotient module
of Q̂Iχ(λ). When λ ∈ X(T ) is p-regular, by Lemma 2.3, [Lχ(λ)] = |wI .dλ|[L̂χ(λ)] =
[Q̂Iχ(λ) : Ẑχ(λ)]. Hence, Lχ(λ) consist of the heads of all Ẑi(λ), 1 ≤ i ≤ |wI .dλ|.
(2). By §1.7, socN−1Ẑ1(λ)/soc
N−2Ẑ1(λ) is the second layer in the structure
diagram (about composition factors) of Ẑ1(λ). Hence, in the structure diagram of
Ẑ1(λ) there does not exist composition factor except for L̂χ(λ) whose position is
higher than the composition factors of socN−1Ẑ1(λ)/soc
N−2Ẑ1(λ).







) be the proper co-





) is a sub-quotient
factor in the Ẑw
I
χ -filtration of Q̂χ(λ).










). Denote L̂χ(µi1) by
















sub-quotient factor in the Ẑw
I
χ -filtration of Q̂χ(λ), the structure diagram (about
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), the position of L̂χ(µi1) is higher than L̂χ(λ(1,21)) in the structure diagram
of Q̂χ(λ). And L̂χ(λ(1,21)) is a composition factor of the submodule of Q̂χ(λ) which
contains L̂χ(µi1).
Suppose that L̂χ(µi1) is a composition factor of Ẑ, because L̂χ(λ(1,21)) lies in any
submodule of Q̂χ(λ) which contains L̂χ(µi1), we have L̂χ(λ(1,21)) is a composition
factor of Ẑ. It contradict to Ẑ1(λ) ∼= Q̂χ(λ)/Ẑ . Hence L̂χ(µi1) is a composition
factor of Ẑ1(λ).
In Ẑ1(λ), as µi1 < λ(1,21) < λ and L̂χ(λ) is the unique composition factor whose
position is higher than L̂χ(λ(1,21)), the position of L̂χ(µi1) does not higher than
L̂χ(λ(1,21)) in the structure diagram of Ẑ1(λ). We know the structure diagram of
Ẑ1(λ) is a part of Q̂χ(λ)’s (Ẑ1(λ) is the quotient module of Q̂χ(λ)), it contradict to
that the position of L̂χ(µi1) is higher than L̂χ(λ(1,21)) in the structure diagram of
Q̂χ(λ).











) is a sub-quotient factor in the Ẑw
I






) is a sub-quotient factor in the Q̂w
I
χ -filtration of Q̂χ(λ).
Recall Mw
I







is the submodule of Q̂Iχ(λ) with Lχ(λ)
∼= Q̂Iχ(λ)/L
I . According to Lχ(λ) is the




r ) and Q̂
I





such that LI ∼=Mw
I
/M I1 .
Note that L̂χ(λ(1,21)) ∈ soc
N−1Ẑ1(λ)/soc
N−2Ẑ1(λ) lies in the second layer in the
structure diagram of Ẑ1(λ), then it also lies in the second layer in the structure dia-
gram of Q̂χ(λ) because Ẑ1(λ) is the quotient module of Q̂χ(λ). We know L̂χ(λ(1,21))









and λ(1,21) < λ, Then L̂χ(λ(1,21)) is the quotient module of M
wI .















) is the quotient module of Mw
I














1 . It is easy to see M
wI/(M I1 +M
wI
1 ) is the






(2.3). By Lemma 2.7, when λ is p-regular, quasi-simple module Lχ(λ) is a
quotient module of Q̂Iχ(λ) with [Lχ(λ)] = |WI .dλ|[L̂χ(λ)].
As λ is the unique weight which is higher than λ(1,21) among the highest weights
of all composition factors of Q̂Iχ(λ), we can get the highest weight of any composition

















1 ) = |WI .dλ(1,21)|[L̂χ(λ(1,21))] = |WI .dλ|[L̂χ(λ(1,21))].


















Hence, Lχ(λ(1,21)) is the quotient module of L
I . Furthermore, Lχ(λ(1,21)) is a
sub-quotient module of Q̂Iχ(λ).
(2.4). The set of all the composition factors of socN−1Ẑ1(λ)/soc
N−2Ẑ1(λ) is
denoted by {L̂χ(λ(1,2i))|1 ≤ i ≤ t2}. Similarly, one can get the corresponding quasi-
simple modules {Lχ(λ(1,2i))|1 ≤ i ≤ t2} are the sub-quotient modules of Q̂
I
χ(λ).
Then Q̂Iχ(λ) has a quotient module Q̂
I
χ,2(λ) consist of Lχ(λ) and Lχ(λ(1,2i)), 1 ≤
i ≤ t2 with Lχ(λ) the quasi-head.
(3). Next, we consider the composition factors of socN−2Ẑ1(λ)/soc
N−3Ẑ1(λ).
Denote by {L̂χ(λ(1,3i))|1 ≤ i ≤ t3} the set of all the composition factors of
socN−2Ẑ1(λ)/soc
N−3Ẑ1(λ). Similar to the case L̂χ(λ(1,21)), we can prove the corre-
sponding quasi-simple modules {Lχ(λ(1,3i))|1 ≤ i ≤ t3} are the sub-quotient mod-
ules of Q̂Iχ(λ).
Then Q̂Iχ(λ) has a quotient module Q̂
I
χ,3(λ) consist of Lχ(λ), Lχ(λ(1,2i)), 1 ≤ i ≤
t1 and Lχ(λ(1,3i)), 1 ≤ i ≤ t3 with Lχ(λ) the quasi-head.
(4). Repeating the above procedure, we can prove Q̂Iχ(λ) has an Lχ-filtration.
Similar arguments yield that Q̂w
I
χ (λ
wI ) has an Lχ-filtration.

4.3. As Q̂χ(λ) has an Q̂
I
χ-filtration, by Theorem 4.2, we have
Corollary 4.3. When λ ∈ X(T ) is p-regular, Q̂χ(λ) has an Lχ-filtration.
For any λ ∈ X(T ), we give the following conjecture.
Conjecture 4.4. Q̂Iχ(λ), λ ∈ X(T ) (resp. Q̂
wI
χ (λ
wI ), λ ∈ X(T )) has an Lχ-
filtration.
4.4.
Example 4.5. Assume that g = sl3(k). Let Π = {α1, α2} be the set of simple
roots. Let χ be of standard Levi form with I = {α1}, and χ lies in the subregular
nilpotent orbit, wI = sα1 with l(wI) = 1 and w
I = sα2sα1 with l(w
I) = 2. Denote
α = α1 + α2.
Fix a wight ξ0 ∈ C0 with ξ0 + ρ = r1̟1 + r2̟2 = (r1, r2) where ̟1 and ̟2 are
fundamental weights. Set r0 = p− r1 − r2. Set σ = sα1sα2 , and ξi = σ
i.ξ0, i = 1, 2.
Then ξ1 + ρ = (−(r1 + r2), r1) and ξ2 + ρ = (r2,−(r1 + r2)). By [13, §2.3], we have
{L̂χ(ξi) | 0 ≤ i ≤ 2} is the set of isomorphism classes of simple modules in the block
containing L̂χ(ξ0).
4.4.1. When ξ0 is p-regular, according to the discussion in [13], the structure
diagram about the composition factor of Ẑχ(ξ0) and Lχ(ξ0) are




respectively. (The solid line indicate the connection relationships among the com-
position factors of proper standard module and quasi-simple module.)














respectively. (In the diagrams above and below, the solid line indicate the connection
relationships among the Lχ-filtration factors of standard module and dotted lines
indicate the connection relationships among the Lχ-filtration factors of costandard
module.)















































4.4.2. When ξ0 is not p-regular, we choose ξ0 + ρ = (p − 1, 1). Then 2 =
|WI .dξ0| > |WI .dξ1| = 1 and Q̂
I
χ(ξ1 + pα)
∼= Ẑχ(ξ1 + pα). By Lemma 2.3, we have
Lχ(ξ0) ∼= L̂χ(ξ0) and Lχ(ξ1) ∼= L̂χ(ξ1).
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The structure diagrams about composition factors of Ẑχ(ξ0), Lχ(ξ0), Ẑχ(ξ1+pα),




0 ) and Ẑ
wI
χ ((ξ1 + pα)
wI ) are listed as follows.


















































(In the three diagrams above, the solid line indicate the connection relationships
among the composition factors of proper standard module and dotted lines indicate
the connection relationships among the composition factors of proper costandard
module.)
5. Projective dimensions
5.1. Let Λ be a set of weights in X(T ) and h(Λ) be the maximal number m
such that there exists a chain λ0 < λ1 < · · · < λm in Λ, with all λi ∈ Λ.
Denote [λ, µ] by the subset {ν|λ ≤ ν ≤ µ}. Denote [λ,−] and [−, µ] by the
subset {ν|λ ≤ ν} and {ν|ν ≤ µ}, respectively.
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Denote Proj.dim M̂ by the projective dimension of M̂ . If Q̂χ(λ) has Lχ-
filtration, there is a filtration Q̂χ(λ) = Q̂χ(λ)
0 ⊃ Q̂χ(λ)
1 ⊃ · · · ⊃ Q̂χ(λ)
r = 0 of
Q̂χ(λ) with Q̂χ(λ)
i−1/Q̂χ(λ)
i ∼= Lχ(λi) for some λi ∈ X(T ), i = 1, ..., r. Denote Λ
′
by the set of λi ∈ X(T ), i = 1, ..., r appear in all the composition factors L̂χ(λi) of
Q̂χ(λ).
Theorem 5.1. Let λ ∈ X(T ). we have
(i) Proj.dim Q̂Iχ(λ) ≤ h([λ,−]).
(ii) When λ ∈ X(T ) is p-regular, Proj.dim Lχ(λ) ≤ h(Λ
′) + h([−, λ]).
(iii) Assume that Conjecture 4.4 holds, Proj.dim Lχ(λ) ≤ h(Λ
′) + h([−, λ]).
Proof. The proof is similar to [6, Lem. 2.2].
For (i), if Q̂Iχ(λ) is not projective, there is a submodule Q̃
1
χ(λ) of Q̂χ(λ) such




χ(λ) has a Q̂
I
χ-filtration with sub-quotients Q̂
I
χ(µ)




χ(µ)|µ > λ} ≤ max{h([µ,−])|µ > λ} < h([λ,−]).
As 0 → Q̃1χ(λ) → Q̂χ(λ) → Q̂
I
χ(λ) → 0 is a short exact series, it follows that
Proj.dim Q̂Iχ(λ) ≤ 1 +Proj.dim Q̃
1
χ(λ) ≤ h([λ,−]).
Then (i) is proved.
For (ii), Assume that Lχ(λ) is not projective. As λ is p-regular, we have
|WI .dλ| = |WI .dλr|. By Lemma 2.7, we have [Lχ(λ)] = |WI .dλ|[L̂χ(λ)]. Fol-
lowing the notations in the proof of Theorem 3.2, LI is the submodule of Q̂Iχ(λ)
with Lχ(λ) ∼= Q̂
I
χ(λ)/L
I and LI does not contain L̂χ(λ) as a composition fac-
tor. By Theorem 4.2, Q̂Iχ(λ) has an Lχ-filtration and the sub-quotients in the
Lχ-filtrations of L
I are the form Lχ(ν) with ν < λ, we have h([−, ν]) < h([−, λ]).
Thus by induction Proj.dim Lχ(ν) ≤ h(Λ
′) + h([−, ν]) < h(Λ′) + h([−, λ]), and
Proj.dim Q̂Iχ(λ) ≤ h([λ,−]) ≤ h(Λ
′). As 0 → LI → Q̂Iχ(λ) → Lχ(λ) → 0 is a short
exact series, we can get Proj.dim Lχ(λ) ≤ h(Λ
′) + h([−, λ]).
For (iii), when λ is not p-regular, it is possible that |WI .dλ| 6= |WI .dλr|.
If |WI .dλ| ≤ |WI .dλr|, by Lemma 2.7, we have [Lχ(λ)] = |WI .dλ|[L̂χ(λ)]. Similar
to the case λ is p-regular, under the assumption that Conjecture 4.4 holds, we can
prove Proj.dim Lχ(λ) ≤ h(Λ
′) + h([−, λ]).
If |WI .dλ| > |WI .dλr|, by Lemma 2.7, we have [Lχ(λ)] = |WI .dλr|[L̂χ(λ)]. Fol-




∼= Q̂Iχ(λr)/Lχ(λ). Then L̂χ(λ) is not the composition factor of L
I
1 and the
highest weight of each composition factor of LI1 is higher than λ. If Conjecture 4.4
holds, we have the sub-quotients in the Lχ-filtration of L
I
1 are the form Lχ(ν) with
ν > λ, we have h([ν,−]) < h([λ,−]).
By induction Proj.dim Lχ(ν) ≤ h(Λ
′) + h([ν,−]) < h(Λ′) + h([λ,−]), and
Proj.dim Q̂Iχ(λr) ≤ h([λr,−]) ≤ h(Λ




1 → 0 is a
short exact series, we can get Proj.dim Lχ(λ) ≤ h(Λ
′) + h([λ,−]). 
Remark 5.2. (1) In general, Ext1
C
(L̂χ(λ), L̂χ(λ)) 6= 0 (cf. [16, Prop.2.1]), but
in G1T -modules category, Ext
1
G1T (L̂0(λ), L̂0(λ)) = 0 (cf. [12, II 9.19(5)]) where
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L̂χ(λ) (resp. L̂0(λ)) is the simple module in C (resp. the category of G1T -modules).
Theorem 3.2 tells us Ext1
C
(Lχ(λ),Lχ(λ)) = 0.
(2) We know the category of G1T -modules is a highest weight category corre-
sponding to the category of a quasi-hereditary algebra (A,≤) (cf. [4]). By [1, Thm.
2.4], the projective dimension of any simple module L̂0(λ), λ ∈ X(T ) is finite.
If I 6= ∅, by §2.6, the category C corresponds to the category of a standard
stratified algebra (B,≤) (cf. [5]) but is not a highest weight category (cf. [1]).
By [1, Thm. 2.4], the projective dimension of simple module L̂χ(λ) is infinite in
general. According to Theorem 5.1, Proj.dim Lχ(λ) is finite when λ is p-regular
or Conjecture 4.4 holds.
Based on (1) and (2), we get the cohomological properties of quasi-simple module
Lχ(λ) are better than L̂χ(λ)’s.
5.2. According to Theorem 4.2 and [10, Prop. 11.18], when λ ∈ X(T ) is
p-regular, we can get




χ(µ) : Lχ(λ)) = [Ẑχ(µ) : L̂χ(λ)].
5.3. Set W I,p = {w ∈ Wp|w.C0 ⊂ CI}. For v,w ∈ W
I,p, the polynomial
Pv,w ∈ Z[t
−1] was constructed in [21, §11] which generalise the classical Kazhdan-
Lusztig polynomials. In [21, §13.17], Lusztig gave a hope which was formularized
by Jantzen in [10, 11.24]:
[Ẑχ(v.λ0) : L̂χ(w.λ0)] = PκI(v),κI (w)(1)
where λ0 is a weight in the interior of C0 (λ0 is p-regular) and κI is an involution
on W I,p. Jantzen proved Lusztig’s Hope is correct in some case (cf. [11, §5.1]).
Based on (5.1), Lusztig’s Hope can be rewritten as
(5.2) (Q̂Iχ(v.λ0) : Lχ(w.λ0)) = [Ẑχ(v.λ0) : L̂χ(w.λ0)] = PκI (v),κI (w)(1).
Since the cohomological properties of quasi-simple module Lχ(λ) are better than
L̂χ(λ)’s (cf. Remark 5.2), the new expression (5.2) might make the proof of Lusztig’s
Hope easier.
6. The Loewy lengths of quasi-simple modules
6.1. Furthermore, we have the following result on the Loewy length of a quasi-
simple module.
Theorem 6.1. When λ ∈ X(T ) is p-regular, we have ll(Lχ(λ)) = ll(Q̂χ,I(λ)).
Proof. Let r = ll(Q̂χ,I(λ)) and
(6.1) 0 = soc0Q̂χ,I(λ) ⊆ soc






Ẑij ,I with Ẑij ,I
∼= Ẑχ,I(λ),∀j be the socle
series of Q̂χ,I(λ). Then soc
1Q̂χ,I(λ) ∼= Ẑχ,I(λ).
Let r′ = ll(Lχ(λ)) and
(6.2) 0 = soc0Lχ(λ) ⊆ soc
1
Lχ(λ) ⊆ ... ⊆ soc
r′
Lχ(λ) = Lχ(λ)






∼= L̂χ(λ),∀j be the socle series
of Lχ(λ). Then soc
1Lχ(λ) ∼= L̂χ(λ).





where λ′ ∈ CI ∩X(T ) such that λ ∈WI,p.λ
′.













iLχ(λ)|gI ). Because prλ′ is an exact functor
and soci−1Lχ(λ)|gI is the submodule of soc
iLχ(λ)|gI , we have (soc
i−1Lχ(λ))
λ+ZI
is a submodule of (sociLχ(λ))
λ+ZI . As Lχ(λ)
λ+ZI ∼=gI Q̂χ,I(λ) (cf. (2.8)), Then
(sociLχ(λ))







By (6.2) and L̂χ(λ))













Based on the above arguments, we can get
0 = (soc0Lχ(λ))
λ+ZI ⊆ (soc1Lχ(λ))










Ẑij ,I with Ẑij ,I
∼= Ẑχ,I(λ),∀j
is the socle series of Lχ(λ)
λ+ZI ∼= Q̂χ,I(λ).
Since the socle series of Q̂χ,I(λ) is unique, we have r = r
′. This implies
ll(Lχ(λ)) = ll(Q̂χ,I(λ)) = r.

6.2. Furthermore,




wI )) = ll(Lχ(λ)) + ll(Ẑχ(λ))− 1.
Proof. Let Ẑr ∼= Ẑχ(λ) be the submodule of Q̂
I
χ(λ) and L̂r
∼= L̂χ(λ) be the
head of Ẑr. Let t = ll(Q̂
I
χ(λ)), ll(Lχ(λ)) = r and m = ll(Ẑχ(λ)). Then
L̂r ∼= soc
mẐr/soc
m−1Ẑr and L̂r ∈ soc
mQ̂Iχ(λ)/soc
m−1Q̂Iχ(λ).
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As [Lχ(λ) : L̂χ(λ)] = [Q̂
I
χ(λ) : L̂χ(λ)] and Lχ(λ) is the quotient module of Q̂
I
χ(λ),
L̂r is the socle of Lχ(λ) and L̂r ∈ soc
t−r+1Q̂Iχ(λ)/soc
t−rQ̂Iχ(λ). Hence, m = t−r+1
and ll(Q̂Iχ(λ)) = ll(Lχ(λ)) + ll(Ẑχ(λ))− 1.




wI )) = ll(Lχ(λ)) + ll(Ẑχ(λ))− 1.

7. The cases of regular nilpotent and sub-regular nilpotent
7.1. A conjecture on the Loewy length of projective Uχ(gI)-modules.
In the category of Uχ(gI)-modules, the baby Verma module Ẑχ,I(λ), λ ∈ X(T ) is ir-
reducible (cf. [7, §4.2/3]). Then ll(Ẑχ,I(λ)) = 1. Let Q̂χ,I(λ) be the projective cover
of Ẑχ,I(λ). We propose the following conjecture on the Loewy length of Q̂χ,I(λ).
Conjecture 7.1. Assume that χ has standard Levi form with I = Π and λ is
p-regular, we conjecture that
ll(Q̂χ,I(λ)) = ll(Lχ(λ)) = l(wI) + 1 = |R
+
I |+ 1.
7.2. The cases of type An for n = 1, 2.
Example 7.2. Suppose that the root system of g is of type A1, and χ has
standard Levi form with I = Π (χ lie in the regular nilpotent orbit). We have
[Q̂χ,I(λ) : Ẑχ,I(λ)] = 2 and l(wI) = 1. Since Q̂χ,I(λ) is indecomposable, we get
ll(Q̂χ,I(λ)) = 2 = l(wI) + 1. This implies that Conjecture 7.1 holds in this case.
Example 7.3. Suppose that the root system of g is of type A2, and χ has





Then ll(Q̂χ,I(λ)) = 4 = l(wI) + 1 which implies that Conjecture 7.1 holds.
7.3. In this subsection, we show the following result on Loewy lengths of stan-
dard modules and projective modules for some special cases.
Theorem 7.4. Assume that χ is subregular nilpotent and has standard Levi form
with |I| = 1. If λ ∈ X(T ) is p-regular, we have
(1) ll(Q̂Iχ(λ)) = ll(Q̂
wI
χ (λ
wI )) = l(wI) + l(wI) + 1;
(2) ll(Q̂χ(λ)) = 2l(w
I) + l(wI) + 1.
Proof. The cases which satisfy the conditions of Theorem 7.4 are g = sl(3, k)
with I being any simple root and g = s0(5, k) with I being the short simple root.
We will only need to prove this theorem case by case in the following subsections.
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Case 1: g = sl3(k) Keeping the notations as in Exalple 4.5. According to [13],
the socle series of Ẑχ(ξ0), Ẑχ(ξ1 + pα) and Ẑχ(ξ2 + pα) are listed as follows.
L̂χ(ξ0) L̂χ(ξ1 + pα) L̂χ(ξ2 + pα)
L̂χ(ξ1) L̂χ(ξ2 + pα) L̂χ(ξ0)
L̂χ(ξ2) L̂χ(ξ0) L̂χ(ξ1)
Hence, ll(Ẑχ(ξ0)) = 3 = l(w
I) + 1.
Since Q̂Iχ(ξ0) has a simple head and a simple socle, according to the socle series







Then ll(Q̂Iχ(ξ0)) = 4 = l(w
I) + l(wI) + 1.






χ ((ξ1 + pα)
wI ) and Ẑχ((ξ2 + pα))
wI )
are listed as follows.
L̂χ(ξ2) L̂χ(ξ0) L̂χ(ξ1)
L̂χ(ξ1) L̂χ(ξ2 + pα) L̂χ(ξ0)





0 )) = 3 = l(w
I) + 1.





0 ) has a simple head and a simple socle, according to the compo-

















0 )) = 4 = l(w
I) + l(wI) + 1.
Based on the above results, since Q̂χ(ξ0) has both a Q̂
I
χ- and a Q̂
wI
χ -filtration,
we then get the socle series of Q̂χ(ξ0)
ξ0
ξ1 ξ0 ξ2 + pα
ξ2 ξ1 ξ0 ξ2 + pα ξ1 + pα
ξ2 ξ1 ξ0 ξ2 + pα ξ1 + pα
ξ1 ξ0 ξ2 + pα
ξ0
where the simple module L̂χ(ξi) is denoted by ξi for brevity. Then ll(Q̂χ(ξ0)) = 6 =
2l(wI) + l(wI) + 1.
Similar arguments yield the Loewy series of the other standard modules, costan-
dard modules and indecomposable projective modules. The proof of Theorem 7.4
for g = sl3(k) is done.
Case 2: g = so(5, k) In this subsection, we always assume that g = so(5, k) and
{α, β} is the set of simple roots with β the short root. Let χ be of standard Levi
form with I = {β}. Then χ lies in the subregular nilpotent orbit, wI = sβ with
l(wI) = 1, and w
I = sαsβsα with l(w
I) = 3.
Denote by ̟1 and ̟2 the fundamental weights. Then α = 2̟1 − 2̟2 =
(2,−2), β = −̟1 + 2̟2 = (−1, 2). Let ξ1 = (r1, r2) ∈ C0, ξ2 = (−r1, 2r1 + r2),
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ξ3 = (−(r1 + r2), 2r1 + r2), ξ4 = (−(r1 + r2, r2). Then {L̂χ(ξi)|1 ≤ i ≤ 4} is the set
of isomorphism classes of simple modules in the block containing L̂χ(ξ1) (cf. [13,
§ 3.8]). Set ξ0 = ξ4 + pα, ξ−1 = ξ3 + pα, ξ−2 = ξ2 + pα, ξ−3 = ξ1 + pα.
By [13, §3.10], we have the following socle series of Ẑχ(ξ1), Ẑχ(ξ0), Ẑχ(ξ−1) and
Ẑχ(ξ−2)
L̂χ(ξ1) L̂χ(ξ0) L̂χ(ξ−1) L̂χ(ξ−2)
L̂χ(ξ2) L̂χ(ξ1)) L̂χ(ξ0) L̂χ(ξ−1)
L̂χ(ξ3) L̂χ(ξ2) L̂χ(ξ1) L̂χ(ξ0)
L̂χ(ξ4) L̂χ(ξ3) L̂χ(ξ2) L̂χ(ξ1).
Then ll(Ẑχ(ξ1)) = 4 = l(w
I) + 1.


















L̂χ(ξ4) L̂χ(ξ3) L̂χ(ξ2) L̂χ(ξ1)
L̂χ(ξ3) L̂χ(ξ2) L̂χ(ξ1) L̂χ(ξ0)
L̂χ(ξ2) L̂χ(ξ1) L̂χ(ξ0) L̂χ(ξ−1)





1 )) = 4 = l(w
I) + 1.
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Then ll(Q̂Iχ(ξ1)) = 5 = l(w
I) + l(wI) + 1.














1 )) = 5 = l(w
I) + l(wI) + 1.
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Finally, we have the socle series of Q̂χ(ξ1)
ξ1
ξ2 ξ1 ξ0
ξ3 ξ2 ξ1 ξ0 ξ−1
ξ4 ξ3 ξ2 ξ1 ξ0 ξ−1 ξ−2
ξ4 ξ3 ξ2 ξ1 ξ0 ξ−1 ξ−2
ξ3 ξ2 ξ1 ξ0 ξ−1
ξ2 ξ1 ξ0
ξ1
where the simple module L̂χ(ξi) is denoted by ξi for brevity. Then ll(Q̂χ(ξ1)) = 8 =
2l(wI) + l(wI) + 1.
Similar arguments yield the Loewy series of the other standard modules, costan-
dard modules and indecomposable projective modules. The proof of Theorem 7.4
for g = so(5, k) is done. 
8. The general case
8.1. Some inequalities on the Loewy lengths. Keep notations as before, in
particular, g is a reductive Lie algebra, χ is of standard Levi form and λ is p-regular.
Similar to [3, Proposition 2.4], we have
Proposition 8.1. ll(Ẑχ(λ)) = ll(Ẑ
wI
χ (λ
wI )) ≥ l(wI) + 1.
Proof. The proof is similar to that in [3, Propo. 2.3]. Choose a reduced
decomposition wI = r1r2...rt with ri being the simple reflection for 1 ≤ i ≤ t =
l(wI). Set si = r1r2...ri and λi = λ− (p− 1)(ρ− siρ) for 1 ≤ i ≤ t. By [10, §11.13]
or [11, §3.10], there exists a nonzero homomorphism φi : Ẑ
si
χ (λi) → Ẑ
si+1
χ (λi+1).















(cf. [11, Lem. 3.11]). Since each module involved in (8.1) has a simple socle, each
φi either kills the socle or is an isomorphism (because the dimension of all baby
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Verma modules are equal). Since λ is p-regular, by [11, Lem. 3.5], all φi’s are not
isomorphism. Then ll(Imφi ◦ · · · ◦ φ2 ◦ φ1) ≤ ll(Imφi−1 ◦ · · · ◦ φ2 ◦ φ1) − 1. Then
ll(L̂χ(λ)) = ll(Imφt ◦ · · · ◦ φ2 ◦ φ1) ≤ ll(Ẑχ(λ)) − t. This implies that ll(Ẑχ(λ)) ≥
l(wI) + 1.
Similarly, there exists a nonzero homomorphism ϕt−i : Ẑ
si+1
χ (λi+1) → Ẑ
si
χ (λi).










−−−−→ · · ·
ϕt
−−−−→ Ẑχ(λ).
is a homomorphism which maps the head L̂χ(λ) of Ẑ
wI
χ (λ
wI ) to the socle of Ẑχ(λ).
So we have ll(Ẑw
I
χ (λ





wI )) ≥ l(wI) + ll(Lχ(λ)) + 1.
Proof. By (1.2), we have ll(Q̂Iχ(λ)) = ll(Q̂
wI
χ (λ
wI )). By Theorem 6.2 and
Proposition 8.1, we have ll(Q̂Iχ(λ)) = ll(Ẑχ(λ)) + ll(Lχ(λ)) − 1. 
If Conjecture 7.1 holds, we have ll(Q̂Iχ(λ)) ≥ l(w
I) + l(wI) + 1.
Proposition 8.3. ll(Q̂χ(λ)) ≥ 2l(w
I) + ll(Lχ(λ)) + 1.
Proof. According to [11, Prop. 1.21], Q̂χ(λ) has both a Q̂
I
χ- and a Q̂
wI
χ -
filtration. Furthermore, it has both a Ẑχ- and a Ẑ
wI
χ -filtration. Since the head and
socle of Q̂χ(λ) are isomorphism L̂χ(λ), it follows that L̂χ(λ) is the head of Ẑχ(λ) and
Q̂Iχ(λ). Moreover, it is also the socle of Ẑ
wI
χ (λ
wI ) and Q̂w
I
χ (λ
wI ). Then we have two
injections i1 : Ẑ
wI
χ (λ
wI ) →֒ Q̂χ(λ) and i2 : Q̂
wI
χ (λ
wI ) →֒ Q̂χ(λ), and two surjections
π1 : Q̂χ(λ) ։ Ẑχ(λ) and π2 : Q̂χ(λ) ։ Q̂
I
χ(λ).
By §1.10, the composite π1 ◦ i1 : Ẑ
wI
χ (λ
wI ) →֒ Q̂χ(λ) ։ Ẑχ(λ) is nonzero which
maps the head of Ẑw
I
χ (λ
wI ) to the socle of Ẑχ(λ). Furthermore, the composite
π2 ◦ i2 : Q̂
wI
χ (λ
wI ) →֒ Q̂χ(λ) ։ Q̂
I
χ(λ) is nonzero and the image of π2 ◦ i2 contains
L̂χ(λ). Suppose that [rad
l(wI)+ll(Lχ(λ))Q̂χ(λ) : L̂χ(λ)] = 0. We have π2 vanishes
on radl(w
I)+ll(Lχ(λ))Q̂χ(λ), which means π2 factors through head
l(wI)+ll(Lχ(λ))Q̂χ(λ),




with Proposition 8.2. Hence [radl(w




wI ) into radl(w




wI )) ≤ ll(radl(w
I)+ll(Lχ(λ))Q̂χ(λ)) = ll(Q̂χ(λ)) − l(w
I)− ll(Lχ(λ)).
This together with Proposition 8.1 yields the desired assertion. 
If Conjecture 7.1 holds, then ll(Q̂χ(λ)) ≥ 2l(w
I) + l(wI) + 1.
8.2. A conjecture on Loewy lengths. Based on the above results, we present
the following conjecture on Loewy lengths of proper standard modules, standard
modules and indecomposable projective modules
Conjecture 8.4. Assume that χ has standard Levi form. When λ ∈ X(T ) is
p-regular, we conjecture that
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(1) ll(Ẑχ(λ)) = ll(Ẑ
wI
χ (λ
wI )) = l(wI) + 1;
(2) ll(Q̂Iχ(λ)) = ll(Q̂
wI
χ ((λ)
wI )) = l(wI) + l(wI) + 1;
(3) ll(Q̂χ(λ)) = 2l(w
I ) + l(wI) + 1.




wI ) is simple and l(wI) = 0. Conjecture 8.4(1) holds.
(2) When χ has standard Levi form and is subregular nilpotent, by the results
of Jantzen(cf. [13, §2.6]), Conjecture 8.4(1) is true.
(3) When χ = 0, l(wI) = l(w0). By [3, §5], when Lusztig’s conjecture on the
irreducible characters for G holds, Conjecture 8.4(1) and (3) are correct.
(4) Based on Conjecture 7.1 and Theorem6.2, Conjecture 8.4(1) implies Conjec-
ture 8.4(2).
8.3. An example.
Example 8.6. Let g = sl(4, k) and Π = {α1, α2, α3} be the the set of simple
roots. Assume χ has standard Levi form with I = {α1, α2}. So χ is subregular
nilpotent. Then wI = sα1sα1 with l(wI) = 2 and w
I = sα3sα2sα1 with l(w
I) = 3.
Fix a wight ξ0 ∈ C0 with ξ0 + ρ = r1̟1 + r2̟2 + r3̟3 = (r1, r2, r3) where
̟1, ̟2 and ̟3 are fundamental weights. Set r0 = p − r1 − r2 − r3. Let σ =
sα1sα2sα3 , and ξi = σ
i.ξ0, i = 1, 2, 3. Then ξ1 + ρ = (−(r1 + r2 + r3), r1, r2),
ξ2+ ρ = (r3,−(r1+ r2+ r3), r1) and ξ3+ ρ = (r2, r3,−(r1+ r2+ r3)) . By [13, §2.3],
{L̂χ(ξi) | 0 ≤ i ≤ 3} is the set of isomorphism classes of simple modules in the block
containing L̂χ(ξ0). For 0 ≤ i ≤ 3, according to [13, §2.6], the baby Verma module
Ẑχ(ξi) is uniserial and its composition factors (from top to bottom) are
(8.3) L̂χ(ξi), ..., L̂χ(ξ3), L̂χ(ξ0)⊗ (−3p), ..., L̂χ(ξi−1)⊗ (−3p), i = 1, 2, 3.
When ξ ∈ X(T ) is p-regular, ll(Ẑχ(ξ)) = ll(Ẑ
wI
χ (ξ
wI )) = 4 = l(wI) + 1(Conjecture
8.4(1) holds). Because the root system of gI is of type A2, by Example 7.3, we know




wI )) = l(wI) + l(wI) + 1.
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